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SMALL DISTURBANCES OF' VERTICAL VELOCITY I N  AN 
ASYMMETRIC ATMOSPHERIC VORTEX 

N. F. Vel ' t ishchev 

ABSTRACT. The l i n e a r  theory of d i s turbances  of vertical  
v e l o c i t y  i n  an asymmetric vor tex  i s  developed. 
i s  considered t o  be  a func t ion  of t h e  rate of i t s  s h i f t .  A 
closed system of equat ions of hydrothermodynamics l eads  t o  
a convent ional  d i f f e r e n t i a l  equat ion f o r  ver t ica l  v e l o c i t y  
which belongs t o  t h e  class of degenerate hypergeometric 
equat ions.  The boundary problem i s  solved (ver t ical  move- 
ments a t  the  c e n t e r  of  a v a r t e x  are considered zero ,  and 
bounded a t  some f i n i t e  Ê  = a) .  Two i l l u s t r a t i o n s  are pro- 
vided wi th  the  r e s u l t s  of ca l cu la t ions  of t h e  vertical  velo- 
c i t ies  a t  d i f f e r e n t  rates of s h i f t  of t h e  cyclone. The 
conf igura t ion  of t h e  zones of ascending and descending move- 
ments has  a s p i r a l  appearance and corresponds q u a l i t a t i v e l y  
t o  t h e  d i s t r i b u t i o n  of cloud cover i n  s h i f t i n g  cyclones,  
observed from a r t i f i c i a l  Ear th  satell i tes.  
i n  the  d i s t r i b u t i o n  of t h e  cloud cover observed i n  t h e  
p i c t u r e s  received from satel l i tes  i s  suggested f o r  use  as a 
s i g n  t o  determine t h e  d i r e c t i o n  of s h i f t  of cyclones over  
t e r r i t o r i e s  w i th  s p a r s e  networks of meteorological  s t a t i o n s .  
2 I l l u s t r a t i o n s  and 5 Bib l iographic  e n t r i e s .  

Asymmetry 

The asymmetry 

Observations of cloud cover using r ada r  and a r t i f i c i a l  Ear th  satel l i tes  ./35k 

have revealed q u i t e  c l e a r l y  t h e  s p i r a l  shape of t h e  clouds i n  developed atmos- 

phe r i c  v o r t i c e s .  

Papers devoted t o  an explana t ion  of t h e  mechanism of formation of s p i r a l  

cloud bands as a r u l e  use  a symmet r i c  model of a cyclone [l, 4 ,  51. However, 

t e l e v i s i o n  p i c t u r e s  of cloud cover received from satel l i tes  as w e l l  as r ada r  

observat ions i n d i c a t e  t h a t  t h e  s p i r a l  cloud bands are q u i t e  o f t e n  arranged some- 

what asymmetrically relative t o  t h e  center o f t h e  cyclone, This  asymmetry un- 

doubtedly arises as t h e  consequence of the asymmetry of t h e  a i r  flow i n  t h e  

s h i f t i n g  cyclone. 

* Numbers i n  t h e  margin i n d i c a t e  t h e  pagina t ion  i n  t h e  o r i g i n a l  fo re ign  text ,  
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Unlike previous works, t h i s  paper is  an at tempt  t o  consider  i n  t h e  f i r s t  

approximation t h e  asymmetry of t he  a i r  flow t h a t  arises as t h e  consequence of 

t h e  s h i f t  of t h e  cyclone, 

Taking i n t o  account t h e  c lose  r e l a t i o n s h i p  between cloud cover and t h e  

ver t ica l  movements, we s h a l l  consider  i n  t h i s  paper  t h e  s p a t i a l  d i s t r i b u t i o n  

of t h e  ver t ica l  movements, assuming t h a t  the s t r u c t u r e  of t h e  f i e l d  of ver t ica l  

movements and t h e  s t r u c t u r e  of t h e  cloud cover must be c lose ly  r e l a t e d  t o  

one another.  Proceeding on the  b a s i s  of f a c t u a l  d a t a  on the  d i s t r i b u t i o n  of 

cloud cover i n  cyclones,  we w i l l  consider  t h e  d is turbances  of meteorological  

elements i n  the t a n g e n t i a l  d i r e c t i o n  t o  b e  per iodic .  Since t h e  s p i r a l  shape 

of the  cloud cover assumes p e r i o d i c i t y  of the d is turbances  i n  both t h e  tangen- 

t i a l  and r a d i a l  d i r e c t i o n s ,  i t  w i l l  be  s u f f i c i e n t  t o  o b t a i n  t h e  condi t ions  f o r  

p e r i o d i c i t y  of t h e  ver t ica l  movements i n  t h e  r a d i a l  d i r e c t i o n  i n  o rde r  t o  

f i n d  the  condi t ions  t h a t  f avor  t h e  existence of cloud s p i r a l s .  

The problem has a l r eady  been solved approximately i n  t h i s  formulat ion 

by several au thors  [l, 53 f o r  t he  case 05 a symmetric v o r t i c a l  movement, 

W e  w i l l  take as t h e  i n i t i a l  equat ions,  the equat ions  of motion, con t inu i ty ,  

h e a t  i n f l u x  and state, wr i t ten  i n  c y l i n d r i c a l  coord ina tes .  This  system of 
equat ions  w i l l  be solved by t h e  method o f  s m a l l  d i s turbances ,  i .e . ,  we w i l l  

r ep resen t  all €unctions i n  t h e  o r i g i n a l  system i n  t h e  form f = f f f ’ ,  where 3 
are the  values  of t h e  func t ions  i n  t h e  p r i n c i p a l  f low and f’ are t h e i r  s m a l l  

d i s turbances ,  whose d e r i v a t i v e s  and squares  w e  shall  d i s r ega rd ,  thereby l i m i t -  

i n g  ourse lves  to l i n e a r  theory.  

- 

L e t  us  r ep resen t  t h e  func t ions  i n  the  o r i g i n a l  system i n  t h e  form: 
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wh'ere v, u, and w are t h e  r a d i a l ,  t a n g e n t i a l  and ver t ical  components of t h e  wind 

speed; p i s  t h e  dens i ty ,  T i s  t h e  terrLperature and p i s  t h e  pressure ,  

The method of ass igning  func t ions  cha rac t e r i z ing  t h e  d i s t r i b u t i o n s  u,  v, 

w,  p r  p and T i n  the  p r i n c i p a l  flow (l), assumes a s t a t i o n a r y  s ta te  of t he  

so lu t ion .  The t a n g e n t i a l  component of t he  wind speed i s  represented i n  t h e  

form of two components, 

on the  p o l a r  angle .  It is  easy  t o  see t h a t  t h e  term u s i n  8 i s  the con t r i -  

bu t ion  t o  the  t a n g e n t i a l  component of t h e  wind speed caused by t h e  s h i f t  of 

the cyclone wi th  a cons tan t  v e l o c i t y  u W e  w i l l  cons ider  t h e  f l u i d  t o  be 

incompressible and u ( r )  / r = W = C O n S t .  . 
t h e  theory of free convection and d is regard ing  t h e  h o r i z o n t a l  temperature 

g rad ien t s  i n  t h e  p r i n c i p a l  f low, w e  ob ta in  t h e  system of  equat ions of  s m a l l  

d i s turbances  i n  t h e  form: 

one of which i s  dependent on t h e  r ad ius  and t h e  o t h e r  

0 

0' 
Performing t h e  s i m p l i f i c a t i o n  assumed i n  

dv" v' 1 - dt 3.7 +-f ind+ imu' = 0 

uo sin 0 
r ) inT' $: (7a - -0 w' = 0 

where F = 2 W + I = c O n S t ,  2 i s  t h e  C o r i o l i s  parameter,  y and y are t h e  a d i a b a t i c  

and a c t u a l  temperature  grad ien ts .  
a 

System (2) can b e  converted t o  a conventional second order  d i f f e r e n t i a l  

equat ion f o r  d i s turbances  of t h e  ver t ical  ve loc i ty :  
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where 

W e  then estimate the  order  of the t e r m s  en t e r ing  i n t o  t h e  c o e f f i c i e n t s  of 

(3), keeping i n  mind the  c h a r a c t e r i s t i c  dimensions of cyclones (on the order  

of hundreds of k i lometers ) .  Then 

By s u b s t i t u t i n g  the  c h a r a c t e r i s t i c  values  of t h e  parameters from (5) 

i n t o  ( 3 ) ,  it  is  easy t o  see t h a t  the  addi t ives  containing t h e  de r iva t ives  

can be disregarded f o r  r > 100. 

t h e  exception of a s m a l l  region adjacent t o  i t s  center)  t h e  na tu re  of t h e  small  

dis turbances can be descr ibed r a t h e r  accura te ly  by t h e  equation 

Hence, f o r  a l a r g e  p a r t  of t h e  cyclone (with 

Performance of t h e  ca l cu la t ions  fo r  t h e  symmetric model [l] has shown 

t h a t  under a c t u a l  condi t ions i n  the  atmosphere t h e  inequa l i ty  l->)n2 L2 

nea r ly  always f u l f i l l e d .  The exception i s  t h e  case of ad iaba t i c  s t r a t i f i c a t i o n  

of the  atmosphere. 

g rad ien t s  

more) r a r e l y  

above and w r i t e  (6) as follows: 

is  

Taking i n t o  account t he  f a c t  t h a t  t h e  v e r t i c a l  temperature 

i n  a r a t h e r  t h i c k  l a y e r  of the  atmosphere (approximately 1 km and 

exceed t h e  va lue  0.8°/100 m, w e  can use t h e  inequa l i ty  given 
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This i s  a degenerate  hypergeometric equat ion and i t s  s o l u t i o n  i s  found wi th  

t h e  a i d  of degenerate  hypergeometric func t ions .  

t h e  event of a symmetric s ta te  of t h e  p r i n c i p a l  flow, (7) i s  converted t o  t h e  

Bessel func t ion  discussed earlier by t h e  au thor  [I]. 

It should be  noted t h a t  i n  

We then  regroup t h e  add i t ives  i n  t h e  c o e f f i c i e n t  wi th  t h e  f r e e  term i n  

(7) ~ r ewr i t i ng  i t  i n  t h e  form 

where 

- 
Afte r  s u b s t i t y t i n g  w' 3 c ~  exp [ - g f 4 d r ] w  , th i s  equat ion assumes the form 

F ina l ly ,  car ry ing  ou t  t h e  s u b s t i t u t i o n  

w e  ob ta in  (11) i n  t h e  form 

where 
'F4 I =r r;- + Y'? - d + r; - (21 + 1)' 

dri dra 
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- t h e  Bessel ope ra to r  w i th  s u b s c r i p t  21+1 . 
The genera l  s o l u t i o n  of (13) can be  w r i t t e n  ( s e e  131) i n  t h e  fern 

where C and D are a r b i t r a r y  cons t an t s  and JZl.+; and N&,I are hypergeometric 

func t ions .  The genera l  s o l u t i o n  of (14) i s  a l i n e a r  combination of two 

independent s o l u t i o n s  s a t i s f y i n g  d i f f e r e n t  boundary condi t ions .  

Cloudy and c loudless  s p i r a l s  a l t e r n a t e l y  converge on t h e  c e n t e r  of t h e  

cyclone. On t h i s  b a s i s ,  i t  is  advantageous i n  t h e  s o l u t i o n  of (14) t o  cons ider  

t h e  d is turbances  i n  vertical  v e l o c i t y  a t  t h e  cen te r  of t h e  cyclone t o  be equal  

t o  zero.  We w i l l  cons ider  t h a t  t h e  d is turbances  of t h e  v e r t i c a l  v e l o c i t y  a t  t h e  

per iphery  of t h e  cyclone are know: 

It is easy t o  show t h a t  i n  t h i s  case t h e  fol lowing boundary condi t ions  are 

f u l f i l l e d :  

We can show [3] t h a t  t h e  only s o l u t i o n  of (14) which s a t i s f i e s  t h e  ‘ 
Conditions (15) is  

Y 

The second independent s o l u t i o n  has t h e  p o l e  

coord ina tes  and does n o t  s a t i s f y  t h e  s e l e c t e d  boundary conditions.  Considering 

Rzla t ionships  (15) and s h i f t i n g  t o  t h e  o r i g i n a l  v a r i a b l e s  and funct ions,we 

ob ta in  the  f i n a l  s o l u t i o n  

a t  t h e  o r i g i n  of t h e  
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where h f j , i  fk) i s  t h e  Whittaker funct ion.  

Subs t i t u t ing  (17) i n  t h e  t h i r d  r e l a t ionsh ip  i n  System (l), w e  obta in  t h e  

general  expression f o r  dis turbances of t h e  v e r t i c a l  ve loc i ty :  

Inasmuch as  t h e  dis turbances of v e r t i c a l  v e l o c i t y  t h a t  appear when clouds /39 

develop i n  t h e  wave troughs a r e  projected i n  t h e  ho r i zon ta l  plane i n  t e l e v i s i o n  

p i c t u r e s  of cloud cover, i t  is  most i n t e r e s t i n g  t o  view them r e l a t i v e  to t h e  

coordinates  r and 8 ,  consider ing t h a t  t h e  dis turbances a r e  loca ted  a t  some 

f ixed  height  'i. Performing f o r  t h e  sake of s impl i c i ty  t h e  ca l cu la t ions  z=L,/4 
where L z = ? d m  is  t h e  v e r t i c a l  wave length  and s e l e c t i n g  t h e  r e a l  p a r t  i n  (18) 
w e  w i l l  have 

- 

The c a l c u l a t i o n  of t h e  funct ions M 3 , h ( 2 u r )  i s  performed with t h e  a i d  of 

a series [2]  

(2.7)" , !  ... . 
1 3 
2 

(- + A - p)(- 2 j- h - 3 )  
3- 2!(2A + 1)(2A f 2 )  

The c a l c u l a t i o n s  using (19) and (20) are cumbersome, s o  t h a t  when t h e  

numerical experiment was performed some f u r t h e r  s i m p l i f i c a t i o n s  were made which 

are completely admissible  i n  considering t h e  real atmospheric. processes.  

W e  w i l l  estimate t h e  order  of the  values  and X en te r ing  i n t o  Series 
-1 c - 

(20) Assuming L = 8 km, uo = 10 m/sec, 7 =2700, O[F] = 0[0] = lov5 s e c  
Z 

OI-la- 71 = deg/m, 
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w e  w i l l  have 

i .e.  

t h e  ver t ica l  v e l o c i t y .  Therefore ,  (8) can be  replaced wi th  a s u f f i c i e n t  degree 

of accuracy by t h e  Bessel Equation (21) 

t h e  cons ide ra t ion  of f3 makes a n e g l i g i b l e ,  con t r ibu t ion  t o  t h e  va lue  of 

where 

Equation (21) and the boundary Conditions (15) are s a t i s f i e d  by t h e  

s o l u t i o n  

w' = CJA(UlJ-), 

and t h e  s o l u t i o n  analogous t o  (19) assumes t h e  form 

Thus, the n a t u r e  of the d i s t r i b u t i o n  of ver t ical  v e l o c i t i e s  depends on 

For r e a l i z a t i o n  of a p e r i o d i c  motion i n  the r a d i a l  the parameters c1 and A. 
d i r e c t i o n  (and t h i s  i s  p r e c i s e l y  what i s  requi red  f o r  t h e  formation of s p i r a l  

c loud  s t r u c t u r e ) ,  t h e  fol lowing i n e q u a l i t y  must be  s a t i s f i e d :  

1 
/40 

The parameter h determines t h e  order  of the Bessel funct ion.  Proceeding 

from (9) we formally have two roots :  
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The phys ica l  condi t ions of  t he  problem are s a t i s f i e d  only 3y t h e  root  

A l l  s i nce  i t  i s  only i n  t h i s  case t h a t  t he re  i s  a co r rec t  cons idera t ion  of t h e  

cont r ibu t ion  of t r a n s l a t i o n  t o  t h e  t angen t i a l  component ( t h e  t a n g e n t i a l  coqon-  

e n t  must i nc rease  t o  t h e  r i g h t  of t h e  d i r ec t ion  of s h i f t  of the cyclone and must 

i nc rease  t o  t h e  l e f t )  . 

We used ( 2 4 )  i n  c a l c u l a t i n g  t h e  v e r t i c a l  v e l o c i t y  i n  t h e  region of cyclones 

of d i f f e r e n t  intensity,moving a t  d i f f e r e n t  v e l o c i t i e s .  Without dwelling on 

. the  e f f e c t s  of s t r a t i f i c a t i o n  and angular v e l o c i t y  (w) ,  l e t  us see  how t h e  

s h i f t  i f  cyclones a f f e c t s  asymmetry i n  t h e  d i s t r i b u t i o n  of v e r t i c a l  movements. 

Figures 1 and 2 show t h e  d i s t r i b u t i o n  w f  a t  cyclone s h i f t  r a t e s  u equal  t o  0 
7 and 15 m/sec, r e spec t ive ly .  

t h e  d i s t r i b u t i o n  of v e r t i c a l  movements. A s  t he  r a t e  of s h i f t  of t h e  vor tex  

increases ,  asymmetry i s  observed with increas ing  c l a r i t y ,  as w e  can conclude by 

comparing Figures 1 and 2. 

becomes s l i g h t l y  b lur red ,  bu t  a t  a cyclone 

i t  is  q u i t e  c l e a r l y  evident .  

It is easy t o  see i n  Figure 1 t h e  asymiietry of 

A s  a t h e  angular v e l o c i t y  inc reases ,  t h e  asymmetry 

s h i f t  rate i n  excess of 10  m/sec 

- / 4 1  

Figure 1. Dis t r ibu t ion  of s m a l l  
d i s turbances  of - v e r t i c a l  v e l o c i t y  
a t  u = 7 m/sec. Areas with 

r i s i n g  movements a r e  shaded i n  
the  f igu re .  The arrow i n d i c a t e s  
t h e  d i r e c t i o n  of s h i f t  of t h e  
vortex.  

0 
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Figure 2 .  D i s t r i b u t i o n  of small 
d i s turbances  of vertical  v e l o c i t y  
a t  u = 1 5  m/sec, 0 

The asymmetry i n  t h e  d i s t r i b u t i o n  of ver t ical  cu r ren t s  (and t h e r e f o r e ,  

i n  t h e  cloud cover) i s  obviously t h e  r e s u l t  no t  only of s h i f t i n g  of t h e  

cyclone, bu t  a l s o  of thermal  inhomogeneity of t h e  cyclone i t s e l f  and o t h e r  

f a c t o r s .  Never the less ,  t h e  asymmetry i n  t h e  d i s t r i b u t i o n  of t h e  cloud 

cover which i s  o f t e n  observed i n  p i c t u r e s  received from a r t i f i c i a l  Ear th  

satel l i tes  can be used as a guide t o  determine t h e  d i r e c t i o n  of s h i f t  of cyclones 

over  a t e r r i t o r y  wi th  a s p a r s e  network of meteoro logica l  s t a t i o n s .  
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